We study 2+1D toroidal compactifications of M-theory with twists in the U-duality group. These compactifications realize many symmetric-manifolds from the classification of 2+1D extended supergravity moduli-spaces. We then focus on the moduli-space SU (2, 1)/U (2) obtained by dimensional reduction of pure N = 2 supergravity in 3+1D. This space is realized with an explicit example. Assuming that there are no quantum corrections, we conjecture that the classical discrete duality group has to be augmented with an extra strong/weak coupling duality. This implies the existence of new phases of the theory in which the original 8 compactification radii are all fixed at the Planck scale.
Introduction
In 2+1D the only massless bosonic propagating degrees of freedom are scalars. The restrictions on the moduli spaces of supergravity theories in 2+1D have been classified six years ago in [1] . For higher than N = 4 supersymmetries, these moduli spaces must be of the form Γ\G/K, where G is an appropriate non-compact group, K is its maximal compact subgroup and Γ is a discrete subgroup of G. Compactifications of M-theory provide a concrete realization of such theories and Γ is identified with the group of dualities. Thus, M-theory on T 8 realizes the N = 16 E 8(8) /SO(16) moduli space of [2] and E 8 (Z) is the Uduality group [3] . Similarly, M-theory on K 3 ×T 4 realizes the SO(24, 8)/(SO(24)×SO (8)) moduli space and SO (24, 8, Z) is the group of dualities [4] . One of the exciting recent developments is the physical interpretation of certain singularities in the moduli-space [5] [6] [7] [8] [9] [10] . In general, the assumption of a free theory at lowenergies breaks down when the theory is at a singular point in moduli space. A theory with N = 8 rigid supersymmetries in 2+1D can have a singular point of the form IR 8n /Γ, where Γ is the Weyl-group of a certain Lie-algebraĝ of rank n. The low-energy description is then a strongly interacting conformal field theory. It is defined as the IR limit of 2+1D Super-Yang-Mills with the Lie-algebraĝ. The low-energy description of theories with N = 4 rigid supersymmetry at singularities is more complicated [8] [9] [10] . For a single vector multiplet it has been classified in [11] . In 3+1D singularities of the moduli space can be connections with another phase [5] . In 2+1D, singular points in moduli space of the form IR 4 /Γ are always connections with another phase (in all known cases).
One of the main motivations for the present work is to explore new phases of 2+1D gravity. One direction towards this goal is to study the singularities of the moduli space of the theory. The simplest moduli space of an N = 4 supergravity theory is obtained by dimensional reduction of pure N = 2 supergravity from 3+1D down to 2+1D. The classical moduli space is the homogeneous space Γ cl \SU (2, 1)/(SU (2) × U (1)) where Γ cl is a discrete subgroup (this moduli-space was introduced in [12] [13] [14] ). The classical moduli space cannot encode the existence of other strongly-coupled phases. However, we will see that the structure of the moduli space might allow a consistent extension of Γ cl to a Uduality group Γ. The extra dualities relate weak coupling to strong coupling and cannot be seen classically. The moduli space Γ\SU (2, 1)/(SU (2) × U (1)) has several singularities of the form IR 4 /Γ 0 where Γ 0 is a finite subgroup of Γ. A 2+1D supergravity theory with such a moduli space will most likely have another phase emanating from these points in moduli space. In the other phases, the original coupling is stabilized.
To make the discussion more concrete we will construct a particular compactification of M-theory which realizes the moduli space SU (2, 1)/(SU (2) × U (1)) (at least classically).
such that
To determine the unbroken supersymmetries we need to know how u acts on the spinors. The spinors are in a 2 r -dimensional representation of K d . For d = 8 they are in the (16, 2) of SO (16 In the general case of modding out by a U-duality twist, as studied in [18] , one cannot tell, at present, whether there are more moduli that cannot be obtained by simply reducing the spectrum of M-theory on T d . For example, if we counted the number of vectors of M-theory on T 4 /Z 2 by reducing the spectrum of M-theory on T 4 we would not get the 16 blow-up modes. This Z 2 was a subgroup of SL(5, Z) and it is hard to tell what happens for twists which do not even have a weakly coupled string-theory limit. On the other hand, in the special cases that we study, one can be sure that there are no new moduli, since for a large T 
Examples
We now turn to a few examples. We will start with the cases in 5+1D and then proceed to 2+1D. Note that only the cases with N = 8, 16 in 2+1D can conceivably be (untwisted) toroidal compactifications of a 3+1D model.
Examples in 5+1D
We start with M-theory on T 4 and compactify down on S 1 with a U-duality twist that preserves half the supersymmetry. The U-duality twist is conjugate to an Sp(2) element.
Any element in Sp(2) is conjugate to an element in an SO(4) subgroup. Thus the element u is conjugate to a geometrical twist. This does not necessarily mean that all twists are geometrical since there might be two elements u 1 and u 2 which are conjugate in SL(5, IR) but non-conjugate in SL(5, Z).
The twist can now be represented as e iα ∈ U (1) ⊂ SU (2) ⊂ SO(4). The particular embedding is such that the fundamental 4 of SO(4) becomes two spinors of SU (2). The possible values of α are,
The possible geometrical twists are thus as follows (up to conjugacy in SL(4, IR)):
1. We can twist by the Z 2 acting on all 4 directions of a generic T 4 .
2. We take a special T 4 which is a product T 2 ×T 2 and each T 2 has a complex structure which is fixed to one of the values
We determine the number of vectors in 5+1D as follows. Let I, J, K, . . . 
Examples in 2+1D
We now turn to a few examples in 2+1D. We start with M-theory on T 7 and compactify on S 1 with a twist u ∈ E 7 (Z). We saw in the previous section that to preserve N = 2r supersymmetries in 2+1D, we need a twist u which is conjugate in E 7(7) (IR) to an element k ⊂ SU (8) with exactly r eigenvalues of 1. In the classification of [1] there are also cases with N = 9 and N = 5. They cannot be realized by the kind of compactifications we are studying. Returning to N = 2r, we will calculate the number of moduli k = 2 + n v + n s in each case. Two moduli are the radius Λ of the circle and the 2+1D dual Φ of the graviton g µ3 where 3 is the direction of the circle. n v is the number of 3+1D vectors of the compactification of M-theory on T 7 which are left invariant by u and n s is the number of scalars which are left invariant.
It is also interesting to check whether the twist can be realized geometrically or not. If the twist is realized geometrically u must be in an SO(7) ⊂ SU (8) subgroup. The embedding of SO (7) is such that the fundamental 8 of SU (8) becomes the spinor 8 of SO (7) . We can embed it as SO(7) ⊂ SO(8) ⊂ SU (8) where the first embedding is such that the vector 8 v of SO(8) becomes 7 + 1 of SO(7) and the second embedding is such that 8 of SU (8) becomes the spinor 8 s of SO (8) . Given an element g ∈ SO(8), its matrix in the vector representation 8 v can be brought into a block diagonal form with four 2 × 2 blocks of the form,
The quadruple (α 1 , α 2 , α 3 , α 4 ) is determined up to permutation and up to a change in sign,
The matrix of g in the spinor representation 8 s has a similar representation with a quadruple (β 1 , . . . , β 4 ) where
(modulo 2π). There is of course the ambiguity of π in each phase. Now, if an element of SU (8) is really an element of SO(8) then all the eigenvalues of the matrix which represents it in 8 of SU (8) must come in pairs of e ±iα i for some 4 phases α i . In addition, if it is an element of SO(7) in the above embedding then it must be that one of the β i 's is 0. Thus, the condition that a twist u is geometrical is that the eigenvalues of u, as an SU (8) matrix, are of the form (for a particular choice of labeling of the eigenvalues),
It is also interesting to check if u can be represented as a T-duality element of type-IIA or type-IIB on T 6 . In this case u must be in the,
subgroup of SU (8) which means that it must be possible to group the 8 eigenvalues in two groups of 4 such that the product in each group is 1. Finally, in each case listed below, we will identify the eigenvalues of u as an SU (8) matrix. We will not attempt to find a g ∈ E 7(7) (IR) such that gug −1 ∈ E 7 (Z) but we will check that the characteristic polynomial det(xI − u) in the representation, 28 + 28, of SU (8) has integer coefficients.
Cases with N = 12 supersymmetry:
u ∈ SU (8) must have 6 eigenvalues of 1. The other two eigenvalues of k must be e ±iθ , and k ∈ U (1) ⊂ SU (8). The possible values of θ are determined by the requirement that in the representation 56 of SU (8), the characteristic polynomial, det(xI − k), should be integral. It is easy to calculate,
This leaves the possibilities,
The number of vectors n v is determined by decomposing 28
which leaves us with n v = 32. This number counts a vector and its dual separately. As for n s , we need to decompose the representation 70 of SU (8) under U (1) ⊂ SU (8). We find that,
This leaves us with n s = 30. Altogether, the moduli space has dimension, 2 + n s + n v = 64, which agrees with the entry in table of [1] for N = 12 (repeated in appendix A). According to the discussion at the beginning, u is not a geometrical twist, but can be put in the form of an SO(6, 6, Z) T-duality twist.
Cases with N = 10 supersymmetry:
This time u ∈ SU (8) has to have exactly 5 eigenvalues of 1. Let the other eigenvalues be e iα 1 , e iα 2 , e iα 3 ,
The characteristic polynomial in 28 + 28 of SU (8) is,
This polynomial has integral coefficients only in the the following cases, listed up to an S 3 permutation and up to an overall minus sign (replacing k by k −1 which clearly does not make any difference)
Since u ∈ SU (3), to determine n v and n s we have to decompose the appropriate representations of SU (8) Thus, in all cases above, n v = 20 and n s = 10. Altogether, n v + n s + 2 = 32 as expected from the table in appendix (A). Again, all of these twists are not geometrical but can be represented as SO(6, 6, Z) T-duality twists.
Cases with N = 8 supersymmetry:
We denote the four eigenvalues of k which are not 1 by,
It has integral coefficients for, n = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 16, 18, 20, 24, 30 . In all the cases above, there is no vector of 4 or 4 which is left invariant. Let 2l be the number of vectors of 6 which are left invariant under u. This is given by the number of pairs of eigenvalues which sum up to zero. In the cases above there are examples with l = 0, 1, 2, 3. Then, 2 + n s + n v = 2 + 2 + 12 + 16l = 16 + 16l.
Thus, the moduli space is SO(8, k)/(SO(8) ⊗ SO(k)) with k = 2, 4, 6, 8. Note that this time some of the u listed above can be represented as purely geometrical twists. In fact, all the geometrical u's can be represented as elements of SU (6) which means that they can be realized as ordinary compactifications of 3+1D models with N = 4 supersymmetry on S 1 . This does not mean that all vacua can be represented in this way. In principle, there could still be inequivalent elements g ∈ E 7(7) (IR) such that g −1 ug ∈ E 7 (Z) are not conjugate in E 7 (Z) (although they are conjugate in E 7(7) (IR)).
There are a few cases which are toroidal compactification of a 5+1D model with N = (1, 1) supersymmetry. This can be obtained by compactifying M-theory on T 4 further down on S 1 with a U-duality twist which preserves half the supersymmetry. These are the cases discussed in the first subsection.
Cases with N = 6 supersymmetry:
In this case we are looking for 5 eigenvalues,
We will not attempt to exhaust all the cases. We will just point out that, unlike the previous cases, for N = 6 there are examples where u cannot be conjugated to a T-duality SO(6, 6, Z) element. For example,
We confess to not having checked that there really is a U-duality element in E 7(7) (IR) which conjugates this SU (8) element into an E 7 (Z) element. All we know is that its characteristic polynomial is integral.
Examples with N = 4 in 2+1D
We now present a few examples with N = 4.
moduli:
Here is a variant of a model that has appeared several times in the literature. Take a base T 2 and a fiber of the form
2 i, i.e. forms a hexagonal lattice. We also require all the T 2 's to have equal area. Let z 1 , z 2 , z 3 be complex coordinates on the three T 2 's, with the identifications,
Let us define the elements u 1 , u 2 ∈ SU (3) as follows.
where ω = e iπ 3 . u 1 and u 2 preserve the complex structure and the holomorphic 3-form. Now we compactify on T 2 with the twists u 1 and u 2 in the fiber T 6 as we go along the sides of T 2 . The resulting manifold is a 4-fold with SU ( 2. The volume of T 6 which is one modulus.
3. The 3-form integrated on the (3, 0) and (0, 3) cycles, i.e. C ijk and Cījk. Altogether 2 moduli. 4. The moduli of the form C ijk and C ijk get multiplied by ω and ω −1 respectively under the operation of u 1 and therefore become massive. 5. The only moduli of the form C ija which are invariant under u 1 and u 2 are,
This gives 2 more moduli. We also need to add the dual of 3 k=1 C kkµ to obtain a third modulus. 6. The duals of the gravitons g µa give two more moduli. Altogether we have 12 moduli.
We can pick a particular T 6 and an element u ∈ SU (3) such that u 7 = I and such that u preserves only the volume of T 6 . To describe u, we start with IR 7 with coordinates (x 1 , x 2 , . . . , x 7 ) and take u 0 ∈ Z 7 ⊂ SO(7) to be the cyclic permutation. Since u 0 preserves the diagonal direction it is actually in SO(6). Let u be the reduced action of u 0 on the space IR 6 that is orthogonal to the diagonal (1, 1, 1, 1, 1, 1, 1). Its eigenvalues are e 2πik 7 for k = 1, . . . 6. In the spinor representation 4 of SO(6), its eigenvalues are e They form a 6-plex which is u 0 invariant. Taking one of these as a base, the vectors to the other six are unit vectors of a lattice in IR 6 . Its unit cell is the requisite T 6 . Now, compactify on a further S 1 with a u twist. It is easy to check that we end up with a 3+1D model with N = 2 supersymmetry. The low-energy description has 3 vector multiplets, 1 hyper-multiplet and a gravity multiplet (containing a graviphoton). The radius of the circle is in a hyper-multiplet so the metric on the vector-multiplet moduli space can be calculated for large R and does not get quantum corrections [23] . It would be interesting to find a heterotic dual to this compactification, perhaps along the lines of [15] . After further compactification to 2+1D we find 20 scalar moduli and k = 5.
We now turn to an example which involves a non-geometrical twist and has only 4 moduli. This is the example that we will study in detail later on. We start with M-theory on T 7 and compactify on S 1 with a twist u ∈ E 7 (Z). We saw in the previous section that to preserve 8 supersymmetries, i.e. N = 4 in 2+1D, we need a twist u which is conjugate in E 7(7) (IR) to an element k ∈ SU (6) ⊂ SU (8) . In this case the number of moduli will be k = 2 + n v + n s . Two moduli are the radius Λ of the circle and the 2+1D dual Φ of the graviton g µ3 where "3" is the direction of the circle. n v is the number of 3+1D vectors of the compactification of M-theory on T 7 which are left invariant by u and n s is the number of scalars which are left invariant. We now choose k to be the diagonal matrix with eigenvalues, In this way, k is in the center Z 6 ⊂ SU (6). The number of vectors n v is determined by decomposing 28 of SU (8) under SU (6),
Under the Z 6 center, only 1 is invariant which gives us (together with 28) n v = 2. The two vectors are electric-magnetic duals. As for n s , we need to decompose the representation 70 of SU (8) under SU (6) ⊂ SU (8). We find that,
here 40 is made of the anti-symmetric 3-forms and is real. These representations are all charged under Z 6 and therefore n s = 0.
The eigenvalues of u cannot be separated into two groups whose product is 1. Therefore, the twist is not conjugate to a T-duality twist. This is also obvious from the fact that there is no extra modulus which could be a string coupling constant.
It remains to prove that there actually exists an element u ∈ E 7 (Z) which is conjugate to k above. Let us first note the following. Denote,
In the representation 56, the eigenvalues of k are as follows. ω appears 12 times, ω 
It has integral coefficients, as a matrix that is conjugate to a matrix in E 7 (Z) should have.
Note also that the trace is (−1) which means that u cannot be separated into two blocks of 28 × 28 and it mixes both electric and magnetic charges.
In appendix (C), we will construct an example of such a u explicitly.
The classical limit
In the remaining of this paper we will concentrate on the last example from the previous section. This example was the compactification of M-theory on a fixed T 7 further down on S 1 of radius Λ with a U-duality twist that fixes the moduli of T 7 . Most of the time, the particular details of the twist will not concern us. The moduli space is a quaternionic manifold of dimension 4. We will assume below that it is Γ\SU (2, 1)/(SU (2) × U (1)).
Locally, this is the same moduli space that one obtains from dimensional reduction of N = 2 3+1D supergravity (see [12] [13] [14] ). To see why we could get the same moduli space in our case we will first study the classical limit of large radius Λ. In this limit, we can first take the low-energy limit of M-theory on T 7 at the particular fixed moduli, and then compactify that 3+1D low-energy action further down on S 1 with a twist. This process involves a subtlety which we shall now discuss.
S-duality twists
The low-energy of M-theory on T 7 has 56 electric and magnetic field-strengths. We have seen that the twist along S 1 is not a mere geometrical transformation (otherwise, the volume of T 7 would remain a modulus) and it takes some of the charges to their magnetic duals. How do we twist an abelian U (1) theory by S-duality or, more generally, by the SL(2, Z) group? This topic was discussed in [24] in the context of the D3-brane partition function in F-theory. The result is as follows. Let 0 ≤ ξ ≤ 2π be the coordinate on S 1 .
To describe the twist, we must allow the gauge field A µ (x, ξ) to be discontinuous at ξ = 0. We take the action, 1
in the bulk, and add to it a 2+1D Chern-Simons-like interaction,
Here,
and a b c f is the SL(2, Z) duality matrix. In general, the extra Chern-Simons interaction will make the gauge field massive. The only massless gauge fields which remain are those which are invariant under the twist.
Classical Kaluza-Klein reduction
The action of the remaining zero-modes in 2+1D is determined, in the limit Λ → ∞, by dimensionally reducing the classical action of 3+1D. The 3+1D action contains 70 scalar fields which, after the twist, all become massive. It also contains 56 U (1) gaugefields and their magnetic duals and we have seen that only 2 of them are invariant under the u-twist. These two must therefore be electric-magnetic duals of each other. To get the 2+1D dimensionally reduced action, it is thus enough to start with a 3+1D action of the form,
Here ξ is the coordinate along S 1 , g µν is the 3+1D metric, H is the field-strength of the U (1) gauge field B µ and the coupling constant is e. The coupling constant can be determined from the fixed point g of u in the moduli space of M-theory on T 7 . Since I do not know what g is (in principle there might even be several nonequivalent solutions) we will keep it as a parameter.
Let us recall the procedure for dimensional reduction to 2+1D. (see [2] ). After reduction to 2+1D and Weyl-rescaling we obtain a Lagrangian of the form,
and A µ is the gauge field coming from the 3+1D graviton. Φ is the scalar coming from the 3+1D gauge field B µ , and B µ ≡ B µ − ΦA µ is the 2+1D gauge field. Λ is the radius of S 1 (in 3+1D units). We dualize the two gauge fields A µ and B µ into two scalars with integral periods. After a change of variables we find a sigma-model with metric,
With the definition,
The moduli space is subject to the identifications,
The two coordinates dσ 1 − dσ 2 form a torus T 2 with complex structure,
and area, A = e Λ 3 . The target-space metric is Einstein, as required by supersymmetry [1] , and satisfies,
The symmetric space SU
Ignoring the discrete identifications (4.4), for the moment, the moduli space and metric given by (4.2) can be identified with the symmetric Kähler manifold SU (2, 1)/(SU (2) × U (1)) (see [12] [13] [14] ). Let us sketch how this works. The exact details are given in appendix (D).
SU (2, 1) can be realized as the subgroup of complex 3 × 3 matrices M with unit determinant, SL(3, C), that preserve an indefinite form which we take to be,
The matrices M satisfy M † JM = J. We can think of the space SU (2, 1)/(SU (2) × U (1))
as the space of complex directions inside C 3 with the indefinite metric,
We can parameterize the bulk of SU (2, 1)/(SU (2) × U (1)) with two complex coordinates z 1 , z 2 with a restriction,
The Kähler function takes the Fubini-Study form,
The action of an element,
takes the form,
The precise mapping between the variables (σ 1 , σ 2 , Φ, Λ) and (z 1 , z 2 ) is written down in appendix (D). Here we will list a few simple consequences. We need to transform the identifications (4.4) to the (z 1 , z 2 ) variables. An identification of the form,
Similarly, an identification of the form,
and an identification of the form,
Thus, using (4.4), the classical moduli space can be taken as the space of (z 1 , z 2 ) ∈ C 2 subject to (4.5) and,
It is also important to know what is the region Λ → ∞ in terms of (z 1 , z 2 ). As we show in appendix (D), this is the region,
The region (Re z 1 − |z 2 | 2 ) → 0 is the boundary of the moduli space and is inaccessible to classical analysis.
The quantum moduli space
We have seen that the moduli of dimensionally reduced 3+1D N = 2 supergravity is given by,
Γ cl is a discrete group generated by the shifts,
As mentioned above, τ could be determined if we knew the moduli at the fixed point. After a redefinition z 2 → τ 2 z 2 and z 1 → |τ 2 | 2 z 1 we find the generators of these shifts (5.1)
in SU (2, 1) to be,
Note that,
Note also that under τ → −1/τ the classical group is invariant provided we conjugate,
with,
What is the quantum moduli space of the theory? In principle there could be two kinds of changes from the classical limit to the full quantum result:
1. The group Γ cl could be a subgroup of a larger group Γ of dualities. 2. The metric could be corrected, since we only have N = 4 supersymmetry.
Strong coupling
The classical moduli space SU (2, 1)/U (2) has a nasty infinite volume region as Λ → 0. It is unlikely that such a singularity remains in the quantum theory. There are two conceivable ways in which this singularity is resolved. It could be that quantum corrections smooth out the moduli-space and in the quantum moduli-space only the classical region Λ → ∞ is non-compact. The other possibility (which is my bet) is that the classical identification group Γ cl is extended to a quantum duality group Γ. What are the restrictions on Γ? Obviously, Γ must not contain any element that relates two classical-vacua, that is vacua with large Λ, that are unrelated by Γ cl . As is usually the case with strong/weak dualities, the extra generators of Γ must take the weakly-coupled regime Λ → ∞ to a strongly coupled regime of Λ ∼ 1 or Λ → 0.
As an example, let us consider the element with the matrix,
For some appropriate Ω. Let us also set Ω = I. it is easy to check that S maps the classical region Λ → ∞ to Λ ≪ 1. For σ 1 = σ 2 = 0 it acts as,
Let Γ ′ be the group generated by S together with Γ cl . Then,
is a good candidate for the quantum moduli space (for an appropriate Ω). We will discuss the two possibilities, quantum corrections and an extended duality group, more in the following subsections.
Sources for the quantum corrections
The first possibility to explore is that quantum effects correct the metric. It is not completely clear to me whether mathematically such perturbation of the Quaternionic-Kähler structure is allowed. What we are looking for is a metric that preserves the behaviour at Λ → ∞ while at the same time does not have singularities which are more nasty than ADE, and the portion of the moduli space with bounded Λ is compact. In [21] it was shown that the contribution of quantum corrections to the universal hypermultiplet metric in type-II compactifications on a Calabi-Yau can be absorbed in a redefinition of the variables. On the mathematical side, techniques for obtaining quaternionic-Kähler metrics have been developed in [44, 25] .
2 It has been shown there that the metric can be encoded in a single analytic function (denoted by L +4 ). We will not attempt to study the possible deformations to the metric in this paper. Below, we will list a few possible sources for quantum corrections. My bet is that these quantum corrections vanish.
From λ 16 terms in 3+1D:
Toroidal compactifications of M-theory have calculable R 4 corrections [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . They are accompanied by 16-fermion terms with a calculable coefficient [31] . In particular, Mtheory on T 7 has such a 16-fermion term, although it has not been calculated explicitly.
Unless the coefficient vanishes at the particular point in moduli space in which we are working, it could correct the metric as follows. Once we compactify on S 1 , most of the fermions will not be invariant under the twist u and will acquire a mass of order 1/Λ in 3+1D Einstein units. In 2+1D, after Weyl-rescaling the mass becomes 1/Λ 2 . N = 4 supersymmetry in 2+1D permits 4-fermion terms. Starting with a λ 16 term in 3+1D we get a λ 4 term if 12 fermions get a mass.
From charged particles in 3+1D:
In principle we can get terms which behave as e −mΛ−iQΦ from particles with mass m and charge Q under the surviving U (1) gauge field in 3+1D. We can get an instanton by letting the particle have a Euclidean world-line around S 1 . There are also similar terms from the monopoles. In appendix (B) we show that such a particle is -BPS states usually have a large multiplicity.
For example, to calculate the multiplicity of bound states of D2-branes on T 6 which form a holomorphic curve inside T 6 one has to calculate the cohomology H * (M) of the moduli space of such curves. The net contribution to the instanton term at lowest order would be proportional to the Euler number χ(M). Usually, the moduli space M is singular and one has to resolve it before calculating the Euler number. In the case of curves in T 4 the Euler number turns out to be zero. It is quite likely that the net contribution is zero in our case as well.
From Kaluza-Klein monopoles:
We could also make a 2+1D instanton out of a KK monopole with respect to S 1 which is "wrapped" over the volume of T 7 . If there were no twist, such an instanton would definitely exist and its contribution would have been proportional to e −cR 2 V +iσ 2 .
Here, V is the volume of T 7 , in 3+1D Einstein units. (This factor can be calculated from the tension of a D6-brane.) However, it is not clear to me what happens to the instanton after the twist. for large Λ, the KK monopole geometry is smooth and has a small curvature. Since our twist u was an element of Z 6 we can build our vacuum by modding out of M-theory on T 7 × S 1 where S 1 has a radius of 6Λ. Now we can actually construct a KK monopole solution for T 7 × S 1 and mod that solution out by Z 6 . If Z 6 were acting freely, everything would have been fine. The problem is that Z 6 has a fixed point at the center of the KK monopole solution. At that fixed point, the action is a combination of the geometrical Z 6 and a non-geometrical u and it is not clear how to study it. (See [18] for an attempt to use M(atrix) theory [45] to study such cases.)
Extended group of dualities
We will now discuss in more detail the possibility that the moduli space is,
where Γ ⊃ Γ cl is a quantum group of dualities. We must first argue that there is a way to extend Γ cl without making any unwanted classical identification and so that the dangerous region Λ → 0 is mapped to the classical region. We will not give a general proof, but consider the following argument. Suppose we start with M-theory on T 7 × S 1 .
We can embed the U-duality group E 7 (Z) of M-theory on T 7 inside the U-duality group of M-theory on T 8 . We can then find the subgroup Γ ′ of the U-duality group E 8 (Z) which commutes with the element u of the twist. 3 This will be the group that preserves the form
fixed at the special moduli. It is also clear that Γ ′ acts on SU (2, 1)/U (2) which is the moduli space of compactifications of the form T 7 × S 1 with T 7 fixed. Γ preserves these constraints turns out to be W , the Weyl group of E 8 (see [37] ). Let the radii be R 1 , . . . , R 8 . Then W is generated by permutations in S 8 and by the "T-duality" transformation which takes the radii to,
Let us now perform T-duality on directions (123), then T-duality on directions (456), then T-duality on (678), then T-duality on (123), then T-duality on (145), and T-duality on (678). We finish with a permutation replacing 6 with 1, to obtain the radii, example of appendix (C). We believe that the conclusion will be the same, namely there exists an extra element in E 8 (Z) which preserves T 7 and takes Λ → 0 to Λ → ∞.
Although, mathematically, this Γ ′ ⊂ E 8 (Z) has the required properties, it is not necessarily a duality in our case. The reason is that we have to make a distinction between two different ways of using u ∈ E 7 (Z) to compactify M-theory down to 2+1D. In case (i) we can mod out M-theory on T 7 by u already in 3+1D and then compactify the result to 2+1D. In case (ii), which is our case, we compactify from 3+1D down to 2+1D with a u-twist. The subgroup Γ ′ of E 8 (Z) which preserves the moduli of T 7 and the structure any dimension higher than 2+1D we could most likely rule out Γ ′ as a duality group by studying the action on BPS states with momentum along S 1 . In 2+1D U (1) charges are confined and there are no BPS states under local U (1) symmetries and so the argument fails.
As an example, let us compare case (i) and case (ii) for a special case in 5+1D. We can compactify M-theory on T 4 and then further down on S 1 with a Z 2 twist. If we first compactify (as in case (i)) on T 4 /Z 2 we can deform to a K3 and we get more moduli from the twisted sectors. In case (ii) we do not get more moduli and the vector-multiplet moduli space is locally SO(4, 4)/(SO(4) × SO(4)), as we discussed in section (2.2) (and see also [22] ). Now we can ask what happens in the limit that the radius of S 1 is kept fixed and the volume of T 4 shrinks to zero. In the first case we know from the duality between M-theory on K3 and heterotic on T 3 that this becomes the weakly coupled heterotic theory. Now, for an appropriate choice of Wilson line along S 1 , the limit Λ → 0 can be mapped to the T-dual heterotic string in the limit Λ → ∞ (replacing E 8 × E 8 with SO (32)). This comes about because the M5-branes wrapped N times on the small K3 × S 1 form light bound states which are then interpreted as KK states of the large T-dual dimension. So, although in this example Λ → 0 is not dual to another point with Λ → ∞ on the same moduli space, it is still a classical limit. Now let us see what happens in case (ii). It is likely that the M5-branes wrapped N times on the compact 5-manifold, made by the T 4 fibered over S 1 with the twist, do not form bound states. To see why this is reasonable, let us first compactify the (2, 0) N theory of the M5-branes on a small T 4 . To a good approximation, we obtain 1+1D SYM with 16 supersymmetries. Now let us compactify this on S 1 with a twist. The twist "kills" 4 scalars and so we are left with 0+1D SYM with N = 8 supersymmetries. This theory does not have a bound state [38] [39] [40] [41] . Although the arguments for the bound state might not apply to this case because some of the fields are compact, the conclusion is likely to be correct. 4 
Phase transitions
Assuming that the moduli space is,
we can explore the singularities of the moduli space and the possible phase transitions that can occur when the moduli of the supergravity theory reach these points. The singular points are fixed points of elements of Γ. An example of such a fixed point is furnished by the element S of (5.3) that inverts Φ + 2ieΛ at σ 1 = σ 2 = 0. From (4.7) it can easily be checked that the only fixed point in the region (4.5) is at (z 1 , z 2 ) = (1, 0). This corresponds to Λ = and Φ = σ 1 = σ 2 = 0. It follows that the local structure near that point is IR 4 /Z 2 . This is the same structure as 2+1D N = 4 QCD with N f = 2 quarks [8, 9] . The latter theory has another phase emanating from the singularity. Close to the singularity the structure of the other phase looks like IR 4 /Z 2 [8] . It has 3 compact parameters which parameterize SO(3) and 1 non-compact parameter 0 < ρ < ∞. We expect the same structure for small ρ in our case as well. At the singular point Λ = 1 2 and Φ = σ 1 = σ 2 the low-energy physics is described by a conformal theory whose moduli space is IR 4 /Z 2 . At low-energies the coupling to gravity can be ignored and since QCD with N f = 2 quarks (or its mirror [10] ) is the only CFT which we know to possess this kind of singularity, it is natural to suspect that our supergravity theory is described at low-energies, at this particular singular point, by the same theory.
We therefore conclude that there is another phase of supergravity emanating from that point. At the other phase the original supergravity variables Λ, Φ, σ 1 , σ 2 are massive but instead we get 4 new moduli. One of them is ρ. We only know the structure of the moduli space of the other phase near ρ = 0. For ρ of the order of M 1/2 p , gravity mixes with the CFT again. We know from [1] that the moduli space has to be quaternionic.
It is plausible that in the limit ρ → ∞ (assuming the moduli-space of the other phase is non-compact) the description of the low-energy modes of the theory becomes classical again, but with a totally different description.
Discussion
In the first part of this paper we have studied compactifications of M-theory with Uduality twists. We have seen that many moduli spaces from the list of [1] can be realized in this way. We have then proceeded to study a particular realization of N = 4 2+1D supergravity. We have given arguments for the existence of a particular twist with an isolated fixed point and which preserves 1 4 of the supersymmetry. We have given the explicit form of the twist u in SU (8) ⊂ E 7 (IR) and we have shown that its characteristic polynomial has integral coefficients. In appendix (C) we will construct it more explicitly.
We conjectured that the moduli space of this theory is given by Γ ′ \SU (2, 1)/U (2) where the discrete U-duality group Γ ′ is an extension of the classical discrete group Γ cl by a particular S-duality element. The quantum moduli space has singular points. We conjectured that the low-energy modes at the singular point in moduli space are described by the only known 2+1D conformal field-theories [10] with these types of singularity. We concluded that other phases emanate from these points. These conjectures rest on the assumption that quantum corrections do not modify the local structure of the moduli space.
In case the new phase does exist, it is an open problem whether the moduli space of the new phase is compact or not. If it is non-compact then far away from the singularity it might be described by a "classical limit" of some sort. Perhaps the theory grows more dimensions, perhaps it becomes a weakly coupled string theory, or perhaps it becomes a completely new classical limit which we have never encountered before.
Looking farther ahead, it would be interesting to understand "where" the new phases of gravity discussed in this paper "sit" with respect to the more exotic phases of gravity.
These are the topological phase described in [46] and the phase with g µν = 0 suggested in [47] . 
Here N is the number of supersymmetries, "Dim" is the dimension of the moduli space and G/K is the local form of the moduli space.
For the case of N = 4 the moduli space has to be quaternionic. For a 4-dimensional manifold this means that the curvature satisfies,
Appendix B. The fixed point of the U-duality element
In section (3), we needed a U-duality element u ∈ E 7 (Z) and an element g ∈ E 7(7) (IR) and k ∈ SU (8) In this section we will make some observations on such a u, independent of a particular realization. We will start by finding the charge in M-theory on T 7 that is fixed by u. In particular, we wish to know how much SUSY the corresponding charged particle preserves. We start with preliminaries.
B.1. Central charge formula for M-theory on T 7
The central charge formula for M-theory on T 7 has been explained in [6] . The SUSY charges are in the representation,
The charge is a vector q in the representation 56 of E 7 (IR). The central charge Z is a vector in the 28 + 28 of SU (8) ⊂ E 7 (IR). We pick a map T from 56 of E 7 to 28 + 28 of SU (8) . The map is required to satisfy,
Let g be a representative of the E 7 (IR)/SU (8) point corresponding to the moduli. g is defined up to g → gΩ with Ω ∈ SU (8). The relation between the central charge and the charge vector is, Z = T g −1 q.
B.2. Number of unbroken supersymmetries for BPS states
Now suppose a state has a central charge matrix of Z. What is the maximal number of supersymmetries that it can preserve? Z can be thought of as an 8 × 8 antisymmetric matrix. The representation 28 + 28 is made from Z and Z * . So now we can write the commutation relations,
As a Matrix this is, 
The columns and rows are in the order1j, 2j, 1j,2j We define the 16×16 Hermitian matrix,
and also,
The 32 × 32 matrix becomes, 0 A B 0 .
We need to know how many zeroes A and B have together. Since A is the complex conjugate of B it is enough to count the number of zeroes of A. Thus, we are looking for,
It can easily be checked that the number of supersymmetries that are preserved by the state is twice the dimension of the eigen-space of the largest eigenvalue of Z † Z. What do we know about Z? Let g be the fixed point of the U-duality twist u. Thus,
Let q be a vector of charges which is invariant under u, uq = q.
It follows that,
This is in the representation 28 + 28. To bring this back to the 8 × 8 antisymmetric Z ij we have,
Taking k as given in (B.1) we see that Z is, 
Appendix C. Explicit construction of u
In section (3.2) we needed an element u ∈ E 7 (Z) and an element g ∈ E 7(7) (IR) such that g • u • g −1 is equal to k ∈ SU (8) in (3.10).
We will now give one explicit construction for such an element u ∈ E 7 (Z). For the construction it is convenient to view the compactification as type-II on T 6 . Let us set all the RR-fluxes to zero. The moduli space is, (SO(6, 6, Z)\SO(6, 6, IR)/(SO(6) × SO(6))) ⊗ (SL(2, Z)\SL(2, IR)/SO(2)) .
The first factor corresponds to the metric and NS-NS 2-form fluxes on T 6 while the second part corresponds to the parameter,
where C is the NS-NS 6-form flux (dual of the NS-NS 2-form) on T 6 . V is the overall volume of T 6 and λ s is the string coupling constant. We will denote the SO(2) ⊂ SL(2, IR)
by U (1) χ . The subgroup of the U-duality group that preserves the condition that the RRfluxes are zero is, SL(2, Z) × SO(6, 6, Z).
At special points in the moduli space, a finite subgroup of the T-duality group SO(6, 6, Z) becomes a symmetry. The finite subgroup can then be identified with a discrete subgroup of a cover of SO(6) × SO(6). This cover is SU (4) × SU (4). A symmetry element which can be realized as a geometrical transformation of T 6 can be embedded in the diagonal SO (6) . Similarly, at special points in the moduli space, a finite subgroup of the S-duality group SL(2, Z) becomes a symmetry. It can then be identified with a discrete subgroup of U (1) χ . Now we can embed SU (4) × SU (4) × U (1) χ inside SU (8) which we have used to write down (3.10). Under this embedding,
Now let us take a special T 6 of the form T corresponding to the pair (ρ, τ ). If we write the moduli space in the form,
then U (1) τ is the diagonal combination of SO(2) 1 and SO(2) 2 while U (1) ρ is the combination with SO(2) 2 inverted. As before, at special points in the moduli space we can identify the finite subgroup of the U-duality group which preserves the point and the structure
c with a discrete subgroup of, Under U (1) ρ a × U (1) τ a of (C.1), 4, 2 and 2 ′ of SO(2, 2) a decompose as, 
We have seen that the target-space with the metric,
is equivalent to the space SU (2, 1)/(SU (2)×U (1)) and the latter can be described in terms two complex coordinates (z 1 , z 2 ), with the action of an SU (2, 1) matrix, These generators form the Lie algebra of SU (2, 1). We can represent the algebra as the set of 3 × 3 matrices A which satisfy,
where,
The generators can be represented as, 
D.2. Integrated forms
We will now write down some group element actions of the form e tδ i . It is easy to see Let us solve it for σ 1 = σ 2 = 0. We then define W = Φ + 2ieΛ. The equations are,
Thus,
Ct .
For Ct = π this becomes the transformation W 0 → −C 2 /W 0 which we will interpret as a strong/weak duality. 
D.3. Equations for the change of variables
We can now write down the equations for the change of variables from the (σ 1 , σ 2 , Φ, Λ) variables to (z 1 , z 2 ). To do this we will use a combination of δ 3 and δ 5 , δ 7 , δ 8 to move from one point on the manifold to another, e tδ 3 e bδ 5 e a 1 δ 8 +a 2 δ 7 (σ 1 , σ 2 , Φ, Λ) = (e −2t σ 1 −be −t σ 2 +a 1 , e −t σ 2 +a 2 , e −t Φ+b, e −t Λ). (D.10)
We now take,
(D.11)
The rescaling transformation e tδ 3 also makes it obvious that the classical regime Λ → ∞ is given by Re z 1 − |z 2 | 2 → ∞.
Note that neither of δ 5 , δ 7 , δ 8 change the value of Re z 1 − |z 2 | 2 , as it should be.
Appendix E. On the structure of Γ for τ = 2i
We have defined Γ ′ ⊂ SU (2, 1) as the subgroup generated by, In this appendix we will prove that, for the special case of τ = 2i, adding S does not cause any unwanted identifications in the classical region. I do not know how to generalize the proof to other τ 's. Perhaps, embedding Γ ′ in E 8 (Z) as the subgroup that preserves u would be a good tactic. Translated to matrices, this statement means that there is no element g ∈ Γ − Γ cl such that the vector,  To understand Γ, it is helpful to analyze its action on the boundary of SU (2, 1)/(SU (2)× U (1)). This boundary is given by Re z 1 = |z 2 | 2 (equation (4.5)). Adding a point at infinity, the boundary is easily seen to be S 3 (this is easier to see in a diagonal metric of signature (1, 1, −1) ). The classical region is given by Re z 1 ≫ |z 2 | 2 but it is easy to see that this is just the point at infinity that was added. Thus, in order to prove that Γ does not make extra identifications in the classical region, we need to analyze the action of Γ on the boundary.
E.2. The structure of Γ
We set τ = 2i and find, We have the rule, g(k 1 , l 1 , m 1 )g(k 2 , l 2 , m 2 ) = g(k 1 + k 2 , l 1 + l 2 , m 1 + m 2 + k 2 l 1 ).
A generic term in Γ is of one of the three forms, We can also require that no g(0, ±1, 0) ever appear between two S's because we could then reduce the number of S's (denoted by r) according to, Sg(±1, 0, 0)S = g(∓1, 0, 0)Sg(∓1, 0, 0). Now we need a lemma.
Also let us denote by, x = w + ζ + 2Im (μz 2 ). since |z 2 + µ| > 1. To complete the proof, we need to check the case µ = 0. In this case we know that |ζ| ≥ 8 and the same conclusion follows. Now we can prove that all the terms in (E.2) are different from unity. For this purpose we start with the point (z 1 = ∞, z 2 ) such that z 2 is finite. This is the classical region of the moduli space. Acting either with S or Sg(k r , l r , m r ) will turn that point into (0, 0).
